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For u = 28 and 52, it is demonstrated that N(v) > 4, where N(u) is the maximum 
number of mutually orthogonal Latin squares of order v. With this improvement on 
N(52), it is now known that N(v) 3 4 for all o > 45. 0 1991 Academic PXSS, hc. 
INTRODUCTION 
A Latin square of order v is a v x v array with entries from a v-set S such 
that each row and each column contains each element of S once. Two or 
more Latin squares of order v are called MOLS (mutually orthogonal 
Latin squares) if for every pair of them, A = [Q] and B = [b,], the v2 
ordered pairs (a,, b,) are distinct. 
A transversal design, T(k, v), consists of k v-element sets Si, S2, . . . . S,, 
plus v2 k-element sets B,, BZ, . . . . B,z, each containing one element from 
each S,, such that if x E Si, y E Sj (i # j), then x and y appear together in 
one B,. The sets B, are called blocks and the elements of the S, are called 
points. 
A T(k, v) is called resolvable if its blocks can be divided into v classes of 
size v so that every point appears in one block from each class. It is well 
known that the existence of a T(k, v) or alternatively, a resolvable 
T(k- 1, v), is equivalent to the existence of k-2 MOLS of order v. In the 
current paper examples are given of a T(6, 52) and a resolvable T(5,28), 
thus implying the existence of four MOLS of orders 28 and 52. Further the 
276, 52) given contains a sub-T(6, 9) design; i.e., the four corresponding 
MOLS of order 52 contain four sub-MOLS or order 9. 
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THE CASE u = 28 
A resolvable T(5,28) is constructed as follows: 
For t = 1,2, 3,4, 5, let the elements of S, be t,, where the suffix x is an 
element of the noncyclic abelian group G of order 28. (The elements of G 
can be written as (a, b, c), where a, b, and c are integers modulo 2, 2, and 
7, respectively.) Now consider the following 12 blocks: 
(1 (l,l,O) 2(0,L6) 3(1,0,3) 4(Ll,2) 5(1,1.1) > 
11 ('X0,0) 2Wk6~ 3U,O,3) %1,0,6) 5{0,1.0) > 
{f(l.l,O) 2c0.0,6) 3c0,0,3) 411,1,1) 5(0.0,4)> 
11 (LLO) 2(0,1,4) 3U,0,0, 4(1>0,0) 5(0,0,6) 1 
Q (l,O,O) 2U,1.4) 3(0>1,0, 4(0,0,1, 5iO,O,3) 1 
P (O,LO) 2~1>1>0, 3(1>0,5) 4W,3~ 5(0,1,4) > 
~1(0,0,0) 2(OJJ, 3(0>0>5, 4~OA1, 5(0,0,5J 
&0,1,3) 2U,1,6) 3(1,0,5) 4(0.0,0, 5(OJ,6,) 
u (O,O,O) 2(0>0,0) %O,O,O) 4w,o, 5&1,0, > 
(1 (O,O,l) ?0,0,2, 3(0.0,4) %,l,O, 5(1.0,0) > 
(1 fOaO.3) 2C0,0,6) 300,5, 4(0,0.0) 5W>0, > 
11 K',O,5) 2KA0,31 3KX0,6) 4W',0) 5(OA0,: 
Let r be the permutation of order 3 defined by z: (l(a,b,Cj, 2ta,b,2cj, 3ca,b,4cj, 
(4(&r), 4@,b,2+ $a,b,4c))T (5ca,6,c)r 5ca,b,2+ 5ca,b,4cJ and let Cl, C2, . . . . G8 
be the 28 blocks obtained by applying the group generated by z to the 
above 12 blocks. (Note that the last four of these 12 blocks are mapped 
into themselves by 7.) 
Next, let C, + x represent the block obtained by adding x to the suffixes 
of all points in C,. It is easy to verify that the 2g2 blocks C,i- x 
(1 d t < 28, x E G) form a T(5,28) design; further, this design is resolvable, 
since for any t the 28 blocks C, + x, (X E G) contain each point once. Thus 
there exist four MOLS of order 28. 
THE CASE v = 52 
A T(6, 52) containing a sub-T(6,9) is constructed as follows: 
For t = 1, 2, . . . . 6, the elements of S, are t,, where x~2(43), the set of 
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integers modulo 43 or x = cc i (1 < i < 9). Define the following permutations 
CI, j?, and 6 of orders 6, 3, and 43, respectively, on the points of this design: 
a: (lx, 2x2 3x, 4x3 5x3 6,) xE2(43)orx=coj, ldiG9 
b: ctx, t36x, t6x), ttcoi, fmi+3, tmi+6) xe2(43), i= 1,2,3 
s: CtO, Ii, t7.2 *.*9 t42), ttmi) lGii9. 
The first 2623 = 61 x 43 blocks in this T(6, 52) are obtained by applying the 
group generated by a, /I, and 6 to the blocks D,, D,, D3, D,, Ds below (Dl 
remains invariant under CI and p; D2 remains invariant under a’fl): 
DI: {lo 20 3, 4, 50 60) 
D,: (11 214 336 431 56 64,) 
D,: &I 21, 327 420 541 60) 
D4: {loo2 233 32, 422 526 601 
D,: &m3 22, 312 43, 520 6,). 
The final 81 blocks in this T(6, 52) are obtained by constructing a T(6,9) 
in which the sets S, (t = 1, . . . . 6) consist of the nine points tmi. It is readily 
confirmed that the above 2623 f 81= 522 blocks form a T(6, 52). Thus 
there exist four MOLS of order 52. 
FOUR MOLS OF OTHER ORDERS 
For u < 100, a list of known lower bounds on N(u) = the maximum num- 
ber of MOLS of order u is given in Ref. Cl]. It is known that N(u) > 4 for: 
(1) All ~245. 
(2) 5<vu45, v#2 (mod4), and uf44. 
See Refs. [l-5] for the cases u= 12, 15, 20, 21, 24, 33, 36, 39, 46, 48, and 
74. For other values of V, four MOLS are obtainable using the following 
three results: 
(3) N(u) = ZI - 1 if 21 is a prime power. 
(4) Wu,u,) 2 Min(Wd, N(d). 
(5) N(7t+u,+u,)>,Min(6,N(t)-2,N(u,),N(~~)) if O<u,<t and 
O<uv,it. 
Results (3) and (4) are proved in Ref. Cl]. Result (5) is due to Wilson [6]. 
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